Abstract| This paper deals with the L 2 stability of a shape memory alloy (SMA) actuated position control system, based on a single SMA wire under constant axial load. It is shown that system stability can be guaranteed for a large class of controllers having certain dissipativity characteristics. In particular, the results can be used to show stability under approximated PID, PI and PD control. Experimental step responses are given for two di erent PI controllers. The rst controller guarantees a stable response, based on the work presented. While the second system displays superior performance and seems stable, it does not satisfy the stability criterion of the paper. This comparison underscores the conservative nature of the stability result.
I. Introduction I N recent years, miniaturization has created a need for actuators which possess a fraction of the size and weight of more conventional devices without an associated reduction in power output. As a result, many new actuator technologies have been developed. One of the more promising developments has been that of shape memory alloy (SMA) actuators. Actuators based on SMA have characteristics of high power to weight ratio and smooth, silent operation. These properties make them ideal for use in a broad spectrum of applications 1], 2], 3], from automotive to military, consumer products to advanced robotics.
A. Motivation
While shape memory alloy actuators have been used in a number of successful research applications 4], little work has been done to investigate the stability of the control systems employed. This is in part due to the lack of an accurate model for wire behaviour, which is characterized by a large hysteresis curve. In 5], Madill and Wang propose a model which not only accounts for the hysteretic e ect, but also predicts the more complex minor loop behaviour which results from position control. In 6], the same model is applied to a position control system incorporating an SMA actuator, and stability is proven under a form of semiactive proportional control. In this paper, the closed loop stability of the same model is shown for a more general class of controllers. The remainder of this section introduces the reader to shape memory alloys, along with a brief summary of modelling and stability work done to date. The basic mathematical framework is also outlined, and a brief overview of dissipativity theory is given. Section II introduces the framework to which the stability theorem is applied, and the approach to be taken. Section III demonstrates conditions under which a stabilizing controller exists, while Section IV discusses optimization of these controllers. Some experimental results are given in Section V.
C. Background
This section provides the basic background required to form an understanding of shape memory alloys and the shape memory e ect. Readers interested in more details than those provided here are encouraged to consult 4].
C.1 Shape Memory Alloys
Many di erent metal alloys have been found to display shape memory properties 7] . The most commonly used in electrical actuator applications is a near-binary mixture of nickel and titanium, commonly called Nitinol 8] . The shape memory e ect is made possible by the existence of two distinct, temperature-dependent crystalline phases within the alloy. At low temperatures, the alloy is in the martensite phase, while at higher temperatures, the structure changes to austenite. As the wire undergoes heating from the fully martensite phase, the percentage of martensite diminishes, while that of austenite increases, until the alloy is 100% austenite. It is in this relationship between martensite fraction and temperature that the large hysteresis is observed.
The SMA wire's utility as an actuator arises from the change in the stress-strain characteristic which occurs as the crystalline structure is altered. As shown in Figure 1 , the strain resulting from a particular stress will be di erent in the austenite and martensite phases. This allows work to be done on a load by heating the wire. A wire subject to a stress of 1 Pascals (see Figure 1) can recover substantial strain, on the order of 5%, when heated from martensite to austenite.
C.2 Modelling
The large hysteresis present in the transformation of NiTi from martensite to austenite and back again has made accurate modelling of these actuators a di cult task. Linear models include work by Baz et al. 9] , who propose a dynamic model with a unique transformation temperature on heating and cooling, ignoring hysteresis completely. It It is the hysteretic nature of the phase transformation in SMAs which leads to the required non-linearity of an accurate model. Furthermore, the use of SMAs in a position control system results in minor hysteresis loops as the system tries to nd its reference position. A complete model must also adequately represent this phenomenon. Ikuta 12] was the rst to propose the variable sublayer model, which supposes that, at a given time, the material is composed of certain percentages of various di erent phases. Strain in the wire for a given load can then be calculated from corresponding weightings of the respective strains of the di erent phases. This principle is used in the development of all of the non-linear models to date. Both Ikuta and Lin 13] discuss the existence of minor loops, but neither model addresses their behaviour in a manner adequate for simulation of position control systems. The work in 5] includes several key extensions to previous ideas. In order to make the model more suitable for control system design and stability analysis, changes are made to account for Joule heating via electric current. As well, some constants in the calculation of the martensite fraction are replaced with piecewise linear functions of time, allowing for full modelling of the minor hysteresis loops. It is this model which will form the basis for our study.
Partly due to the modelling di culties involved with SMA, very few works have attempted any discussion of control system stability. The closed loop stability of a position control system, based on an SMA wire under constant axial load with a simple semi-active proportional control, is investigated in 6] by Madill and Wang. To our knowledge, this passivity-based stability result is the rst in the literature and, as such, forms the basis of the stability extension results of this paper. In order to extend the passivity result to a broader class of controllers, the more general concept of dissipativity of interconnected systems is considered. Being an energy argument, this leads naturally to an L 2 stability criterion.
D. Mathematical Background
The basic mathematical concepts used in this work include the standard de nitions of the L 2 -space, truncation and the extended space L 2e , along with their associated norms and inner products. Relations, as opposed to functions, will be used to describe the multivalued hysteresis operator. The de nitions of nite gain and stability as they apply to relations will therefore be needed. These, along with the more standard de nitions listed above, can all be found in 14]. The concept of dissipativity was rst introduced in 1971 by Willems 15] , and has its roots in electrical and mechanical systems. Since then it has been widely studied, including works by Moylan and Hill 16] and Vidyasagar 17] , and has proved a valuable tool in analyzing the stability of non-linear systems. The extension to relations of many of the dissipativity tools and de nitions can be found in 18]. Proofs are nearly identical, except that care must be taken at each step to ensure that ideas hold for every inputoutput pair in the relation. The following are the necessary de nitions and theorems.
De nition I.1 (Dissipativity) Given a relation G, on L n 2e , and Q, R, S 2 I R n n , with Q, R symmetric, G is said to be (Q,R,S)-dissipative if, for all (x; y) 2 G and all T 0, the inequality 0 hy; Qyi T + hx; Rxi T + hy; Sxi T is satis ed. Lemma I.1 (Dissipativity & Finite Gain) If a relation G on L n 2e is (Q; R; S)-dissipative and has nite gain , then G is also (Q ? I n ; R + 2 I n ; S)-dissipative, for all 0.
The notation I n refers to the identity matrix of dimension n n. The systems dealt with in this work are all consistent interconnections.
Finally, the stability criterion for an interconnected system comprised of dissipative subsystems can be given. 
is negative de nite. The proof of this theorem in the operator case is quite lengthy. The extension to relations makes it even more involved, and impossible to present here. The interested reader is referred to 18] for details.
II. Framework
This section describes the framework under which the study proceeds. An existing SMA-wire position control system is described. This system was modelled in 5], and limited stability results have already been shown 6]. This work is concerned with applying dissipativity theory for interconnected systems to an extended control setup, in an e ort to broaden the previous stability results to a general class of controllers. Before proceeding, the following terminology is introduced.
De nition II.1 (Context Bounds) The context bounds are bounds on system variables, within which the subsystems remain dissipative. That system variables remain within these bounds is critical to maintaining a valid context in which to apply Theorem I.1, since it requires individual subsystems to be dissipative. In order to achieve the full range of possible motion for a particular load, the system should be designed such that the alloy will be martensite at ambient temperature, and can be heated beyond the temperature at which it is 100% austenite. NiTi is typically martensite at room temperature, and reaches full austenite at temperatures from 60 to 100 degrees centigrade, depending on its fabrication.
In the experimental setup, the wire is cooled by natural convection to ambient air. This results in a slow actuator response on cooling, an acknowledged de ciency of SMA actuators. Although some researchers have investigated means for actively cooling the wires, such as forced air 4] or thermoelectric 19], these techniques decrease the e ciency of an already-ine cient actuator. Whether the need for decreased cycle time in a particular application justi es the trade-o in e ciency is not a matter of discussion here.
B. Control System
In the one-wire, constant-load con guration of Figure  2 , only wire contraction can be actively controlled through Joule heating. If the target is exceeded, a negative position error arises, and the wire must be left to cool, in order to stretch out again. Hence, the controller is of a semi-active nature. Positive errors are subject to active control, while negative errors cause current output to cease while the wire cools down.
In 6], Madill and Wang implemented a semi-active variant on proportional control on the apparatus of Figure 2 .
This \P + " controller G 2 , shown in Figure 3 , is modelled by a constant gain K c A cm ?1 ], followed by an ideal diode block, which has unity slope for positive inputs and zero output for negative inputs. The quadratic block models the conversion from current to power, as well as controller saturation. The control current is intentionally limited to i sat to prevent the wire from overheating.
The model used for the wire behaviour, G 3 , converts power to wire contraction. The power-temperature relationship is modelled as a straightforward rst-order transfer function, but the temperature-contraction behaviour is non-linear, with hysteresis. The speci cs of the modelling equations are complicated, and not required for this study, since the dissipativity characteristics have been derived 
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(4) The gain 3 is entirely xed by the physical parameters of the wire used. 2 The de nition of dissipativity (De nition I.1), along with Lemma I.1, can be applied to equations (2) , (3) and (4) 2 , which would cause the current to saturate. This has been rewritten here, using isat = Kcem, andR since the resistance is known to vary 20] . In addition, the original e 2 had units of CCD pixels, while here, measurements are in centimeters. Hence a conversion factor of 74 CCD pixels/cm. 2 The value of 3 for the wire used in experiment is 3.335. Its calculation, using the method given in 6], is extremely conservative.
for all 2 Figure 3 , for all nite gains K c . The approach to extending this result will be to include a third block in the loop, ahead of the P + controller. It will be assumed that this controller is a relation G 1 : L 2e 7 ! L 2e , and that it is dissipative with respect to some triplet (q; r; s), q; r; s 2 I R.
No restrictions are placed on its stability or linearity.
With knowledge of the dissipativity characteristics of all three subsystems, and the interconnection matrix for the system, the application of Theorem I.1 will lead to stability conditions for the interconnected system. The goal will be to show that these stability conditions can be satis ed for as wide a range of (q; r; s) as possible, thus showing system stability for a broad range of dissipative controllers G 1 .
III. Stability Investigation for a General Class of Controllers
In this section, the extended control setup of Figure 4 is considered. An attempt is made to derive su cient conditions, related to the dissipativity characteristics of G 1 , to guarantee system stability. The only constraint on G 1 : L 2e 7 ! L 2e is that it be dissipative. G 1 is assumed (q; r; s)-dissipative, and the characteristics of G 2 and G 3 were given in (5). Hence, the context bounds remain those in (6) .
A. Application of the Stability Theorem
In order to apply the stability theorem, the interconnection matrix for the system must be determined. This is done by inspection of First, Q must be calculated. Sylvester's Theorem is then used to determine conditions for which Q < 0, and thus for L 2 system stability. Recall equation (1) The inequalities (7-9), as well as the context bounds of (6) must be satis ed in order to guarantee L 2 stability. For generality, a solution which imposes minimal constraints on (q; r; s) is preferable.
B. Problem Reformulation
Condition (7) is simple, and necessarily imposes a constraint on G 1 . While the remaining equations, especially (9), seem quite intricate, they are greatly simpli ed if (9) (11) This changes the stability conditions of (7-9) to q < 0;
z 2 > 0; (13) z 2 z 3 + s 2 4q + s + q > 0:
The context bounds (6) must now be recast using these new variables. The rst, 3 0, becomes z 3 s 2 4q ? r by substitution. By virtue of equations (12) and (13), and the bound 3 0, 2 in equation (11) (15) , and stability conditions (12) (13) (14) , will be considered the bounds and conditions throughout the rest of this paper.
Given a particular G 1 (dissipative, with q < 0), there must exist a triplet (z 2 ; z 3 ; K c ) which satis es equations (13) and (14), as well as (15), Since q 6 = 0, s 2 4q + s + q is nite. So, having chosen z 3 > 0, z 2 can be found to satisfy both (13) and (14) . Finally, the only condition left to satisfy is the second context bound. It is important to note that, as with most stability results for non-linear systems, these are only su cient conditions. Suppose G is the set of all controllers which stabilizes this particular system. Let G 1 be the set of controllers which are (q; r; s)-dissipative with q < 0. Then G 1 G, but nothing prevents the existence of a stabilizing controller G 2 GnG 1 , which may provide better performance than any of those in G 1 . Equivalently, given some G 2 G 1 , Theorem III.1 predicts stability for all K c < K c , but does not conclude instability for gains above K c . The conservative nature of this result will become more apparent in the comparison of experimental results in SectionV.
One of the advantages of appealing to dissipativity theory as a base for the stability criteria is that dissipativity results are well known for many types of systems. Table I provides characteristics for several broad classes of systems. The stability result is readily applicable to most types of systems, and applicable to all classes with the assumption of nite gain.
Of particular interest are systems which are strictly input-passive, with nite gain. It can be shown that approximated P, PI, PD and PID controllers 3 satisfy these conditions. Appealing to Corollary III.1, these common controllers will provide stability for the con guration of Figure 4 , for particular gains.
IV. Loop Gain Optimization
Many controllers in common use can be shown to be passive with nite gain. Theorem I.1 and its corollary 3 Upon implementation, the integral and derivative terms must be approximated. "s+1 , where 0 < " 1. For the remainder of this work, these approximations will be implicit in any reference to these controllers. proved that, if G 1 has these characteristics, then there exists some loop gain which will stabilize the system of Figure 4. That stabilizing gain was shown to be a function of certain system parameters, which were free to be chosen within speci ed ranges. Since increasing system gain can lead to improved tracking, maximizing the loop gain is often desirable. The question becomes, then, how to choose these variable system parameters to maximize K c . This section looks at optimization of the stabilizing loop gain for the speci c case of controllers which are passive with nite gain. ; (20) and stability conditions
z 2 > 0; (22) z 2 z 3 ? 1
Note that the new context bound on 1 , (18), is immediately made redundant by the more stringent stability condition (21), and will be left out of further discussion. The goal is to nd a feasible solution ( 1 ; z 2 ; z 3 ), which minimizes (17), subject to (19) and (21) (22) (23) . As in the proof of Theorem I.1, K c will then be calculated from (20) .
B. Numerical Optimization
The MATLAB Optimization Toolbox 23] was used to minimize 2 numerically. Speci cally, the problem is cast as a constrained minimization, and submitted to the CONSTR function. CONSTR uses sequential quadratic programming to solve the problem minx f(x) subject to G(x) 0.
In this case, setting it is seen that (21, 22) With the function, constraints, their gradients, and the variable bounds de ned, application of CONSTR is straightforward.
V. Application to P, PI, PD and PID Controllers
This section describes the application of the stability result to a common set of controllers, which are shown to be strictly passive with nite gain. First, the dissipativity characteristics are determined for the general form of all but the PID controller. 5 The numerical optimization technique is then applied to several controllers, and experimental veri cation of the \optimization" is carried out.
A. Dissipativity Characteristics of the Controllers
This section demonstrates the calculation of the dissipativity characteristics of P, PI and PD controllers. can be applied to speci c P, PI, PD and PID controllers to determine their dissipativity characteristics in terms of their gains. The results are summarized in Table II. Table III , with K c being calculated usingR = 3:5 and i sat = 1:8A. For each controller, the dissipativity characteristics were determined, optimization was performed to minimize 2 , and the resulting K c was computed. Several di erent starting points were used in the optimization of 2 , the result being the same in each case. It is possible, then, that these are actually global minima of 2 , for each corresponding G 1 . The investigation of the scope of this optimization should form a basis for interesting future work. Results for the proportional controllers are instructive for two reasons. First, the conservativeness of the result becomes apparent, since the case where G 1 = 1 is exactly the control scenario which was shown to be stable 6] for all K c > 0. It is not the dissipativity approach which is to blame, since applying Theorem I.1 to the original system of Figure 3 also predicts stability for all K c > 0 (see 18]). It seems that the results become more conservative as the system gets larger, a conjecture which makes intuitive sense. The second interesting point of note regarding the proportional controllers is that, although all three are mathematically equivalent systems, the gain G 1 K c is not constant. This shows that the optimization process is sensitive to the distribution of gain in the system, and seems most successful when K p 1.
The rst PI controller is similar to one used in Madill's previous work 6 , with which he achieved some successful results 25]. Unfortunately, his stability result was con ned to proportional control. The limit K c which results for this controller was disappointing, with very small overall gains. A second optimization was attempted, having redistributed the gain somewhat so that K p = 1. The resulting gains are somewhat more encouraging.
C. Experimental Results
Experimental results were obtained for the only realistically viable PI controller from and K c = 7:04. The experimental closed loop step response resembles a typical P-control response ( Figure 5 ). This is expected, since obtaining a reasonable loop gain meant sacri cing integral gain and increasing the integral approximation " i . There is, however, a slow corrective trend, indicating the in uence of a small integral term. This integral action will approximately eliminate the steady state error. As a further illustration of the conservativeness of the optimization result, the experimental step response for a second PI controller is shown in Figure 6 . The controllers used were G 1 (s) = 15 + 2 s+0:01 and K c = 1; a combination which does not satisfy the stability conditions of Theorem I.1. 6 The only di erence being in the approximation. Since Madill was not implementing the PI as such, but had an independent antiwindup strategy, there was no need to approximate. Here, the controller is implemented as a di erence equation, hence the need for the approximation. Step Response for G1=1+0.001/(s+0.01), Kc=7.0427 Step Response for G1=15+2/(s+0.01), Kc=1 The step response is excellent, with a rise time of under one second, and zero steady state error due to the integral action. These are improvements over the previous responses achieved with proportional control 6]. However, the range of stable K c predicted through optimization is K c < 0:004. Needless to say, if this value were substituted for the unity gain K c used to obtain this response, the result would be prohibitively slow.
In the experimental response of Figure 5 , the current signal oscillates. The reasons for this are unclear, since the current is not pulse-width modulated, nor should the controller switch since the error is non-zero. In Figure 6 , the current reacts normally to the actuator varying from its setpoint.
VI. Conclusions
Closed loop stability of the SMA position control system has been shown for a large class of general controllers. This is an improvement on previous work, which dealt only with proportional control. Speci cally, it has been proven that the shape memory alloy position control system described is L 2 -stabilizable, for any (q; r; s)-dissipative controller G 1 , so long as q < 0. No assumptions were made regarding the stability or linearity of the controller.
The convenience of this result is that the dissipativity characteristics of many general classes of systems are well known. Coupled with Lemma I.1, the result proves L 2 stability for such common classes of controllers as \(strictly) passive with nite gain". This is an important contribution to an area where stability considerations have been mostly ignored.
Unfortunately, due to the su cient nature and complicated form of the stability conditions, gain optimization is di cult, and the results quite conservative. This is evident from the experimental data provided.
